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Abstract 



' Recently, two solutions have been proposed to the long standing problem of CP-symmetry on the 

lattice, which is particularly evident when considering the construction of chiral gauge theories. 
The first, based on a lattice modification of CP was presented by Igarashi and Pawlowski; the 
second by myself using the renormalisation group and Ginsparg- Wilson relation. In this work, I 
combine the two approaches and show that they are each part of a more general framework related 
to an underlying renormalisation group. I continue by formulating Weyl and Majorana fermions 
'■ on the lattice, and discussing applications to the fermion propagator in the presence of the Higgs 

. field. This resolves various difficulties when the standard continuum CP is applied to the lattice 

standard model, in particular concerning a non-local shift in the quark propagator. The modified 
, lattice CP resolves the difficulties where standard CP broke down when applied to a lattice theory. 

^ ' However, although all actions and observables are invariant under CP, this formulation gives a 

non-local generator of lattice CP. 

C\ 
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1. Introduction 



The procedure for constructing a lattice equivalent of a continuum symmetry was discovered 
by Ginsparg and Wilson in 1982 [y. Its best known application is to chiral symmetry but 
in principle the same procedure can be applied to any infinitesimal continuum symmetry. It is 



not obvious, however, that it can be directly applied to discrete symmetries, such as the charge 
conjugation, parity and time reversal symmetries. Until recently, it has been assumed that these 
symmetries carried directly from the continuum to the lattice in the same form. If we interpret 
lattice QCD as a well defined quantum field theory which gives equivalent physics to continuum 
QCD in a particular limit of its parameters, then there is no obvious reason to suggest modifying 
CP symmetry on the lattice. There is, however, an alternative interpretation of lattice QCD, 
implicit in the Ginsparg- Wilson relation and the construction of fixed point fermions, that it is 
a quantum field theory with a particular regulator obtained by blocking in some renormalisation 
group scheme from an equivalent theory to continuum QCD, and in this interpretation, if the 
blocking is not CP invariant, it is clear that CP symmetry should be modified on the lattice. 
Recently, blockings to construct an equivalent of the fermionic part of overlap lattice QCD have 
been derived Q . In this work, I use these blockings to construct an appropriate CP symmetry on 
the lattice. 

The Ginsparg- Wilson procedure uses a blocked renormalisation group transformation [J] to 
convert the fermion fields from one scale to another, for example from the continuum to the 
lattice. The operator 
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is introduced into the generating function (which is constructed in terms of the original fermion 
fields i/jq), an d the integration is performed over the old fermion helds to give a new generating 
function in terms of the new fermion fields ipi . This procedure was used to construct the chirally 
symmetric fixed-point action @, @. Its application to other lattice chiral Dirac operators, such as 
the overlap operator, was not realised until a recent study Q which found blocking matrices B, B 
and a which could be used to construct the overlap Dirac operator (and could be extended to other 
chiral Dirac operators based on the overlap formalism [7], |8j) from the continuum (although this 
blocking only transforms the fermion fields while leaving the partition function itself unchanged 
once the fermion fields have been integrated out, and so far there is no complete renormalisation 
group construction of an overlap lattice action from the continuum). It now seems that all lattice 
chiral fermions are closely related to the renormalisation group. 

The history of chiral fermions on the lattice, of course, suggests otherwise. The initial effort 
to cheat the Neilson-Ninoyoma no-go theorem [9|, which states that it is impossible to have a 
difference between the number of right and left handed fermion fields on the lattice if the Dirac 
operator is local, translation invariant and has the correct continuum limit, was by Kaplan with 
his domain wall fermions [13, II, 12 1; where the lattice was extended to five dimensions, and 



the unwanted left handed fermions separated from the four dimensional surface used for QCD by 
a large fifth dimension; once the size of the fifth dimension reaches infinity chiral symmetry is 
restored, with finite fifth dimension it is only approximate. Inspired by this work, Neuberger and 
Narayanan constructed a chiral Dirac operator as the overlap between two vacua, which led them 
to the overlap formula HI 14, 15, 16 1, 



D = l + /x+(l — /i)75sign (K), (1) 

where /1 = m/(2mw) is a mass parameter, and -R"[mvK] is the Hermitian form of another lattice 
Dirac operator, usually the Wilson operator. The domain wall Dirac operator reduces to a form 
of the overlap operator in infinite fifth dimension, and can thus be thought of as a representation 
of one particular inexact approximation of the overlap. Many other lattice Dirac operators with 
exact chiral symmetry have been found 0, E3, EM 13 H] , but the overlap operator remains the 
only one in practical use. 

After the overlap operator was found to satisfy the simplest form of the Ginsparg- Wilson 
relation, Martin Luscher constructed the lattice chiral symmetry transformations plj for the 
masslcss Dirac operator. However, it is important to emphasize, particularly in the context of this 
work, that the canonical Ginsparg- Wilson relation 

j 5 D + Dj 5 (l - aD) =0 (2) 

and the corresponding chiral symmetry transformations is only one of an infinite number of ways 
to describe chiral symmetry on the lattice. 

One troubling problem has remained for the Ginsparg- Wilson construction: CP symmetry. 
This is perhaps most clearly seen within the context of a chiral gauge theory, where the action 

^D{1 +75)^ 

transforms under standard CP to 

^D{l + 75 {l-aD))iP, 

which, unlike the continuum chiral gauge theory, is clearly not invariant at non-zero lattice spac- 
ing. This is related to the observation that the fermion and anti-fermion lattice chiral symmetry 
transformations are not symmetric and do not respect the standard CP symmetry. 

Two no-go theorems, similar to the Neilson-Ninoyama theorem, have been constructed to say 
that it is impossible to construct a CP-invariant lattice chiral gauge theory under certain reasonable 



conditions 22, 23]. It is tempting to just dismiss this as an interesting and inconvenient anomaly, 
but there are more serious concerns. A detailed study of the effects of CP breaking on the 
lattice was carried out by Fujikawa and his collaborators [Hj], and they found three effects of 
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CV breaking: (I) a constant phase in the generating functional; (II) a constant multiplied to the 
generating functional; and (III) a shift in the fermion propagator. The first two are unimportant, 
but the third is concerning. It is tempting to treat CV invariance in the same way that the lattice 
treats translation invariance, i.e. restored in the continuum limit, but there is one problem with 
this approach, namely that in the presence of a Higgs field, for example in the electro- weak theory, 
the shift in the propagator is non-local, which usually implies that there is no smooth continuum 
limit. A lack of CV invariance also creates problems constructing Weyl and Majoranna actions. 

The question of CV on the lattice has recently been revived by three different studies, each 
giving a different solution. The first was by Gattringer and Pak [5^, [26[ (inspired by an idea in [27j]). 
who increased the number of fcrmionic degrees of freedom. I shall not consider this work here. 
The second solution was by Igarashi and Pawlowski 2^, : wn0 realised that a remnant of CV 



symmetry could be restored on the lattice in the same way that chiral symmetry is restored on the 
lattice by modifying the CV transformations. Although this approach works well, the motivations 
for doing this, other than to make CV work, were not well explored: the different CV transformation 
was applied arbitrarily rather than as a consequence of some more general approach, and the 
modified CV was applied to the left and right handed fermion fields rather than the original 
fermion fields and thus cannot be applied to the chiral symmetry transformation itself. The third 
work was my own [3] , where, as a footnote to a study of the connection between the renormalisation 
group and overlap fermions, I constructed a CV invariant chiral gauge theory using the standard 
continuum CV operators and a non-standard form of the Ginsparg Wilson relation. This solution 
followed directly from the Ginsparg- Wilson procedure and the renormalisation group. I showed 
that the measure of the chiral gauge theory was gauge invariant, necessary in the construction, but 
I did not directly demonstrate that my chiral projection operators were local for the CV invariant 
theory, only for the standard construction of lattice chiral symmetry. My chiral gauge theory was 
only valid for this one particular form of the Ginsparg- Wilson equation^ 

In this work, I shall turn to the question of CV on the lattice more directly and in more detail. 
The basis of this work is the renormalisation group construction of the overlap operator described 
in my earlier paper, although the final approach is similar to that suggested by Igarashi and 
Pawlowski. I shall show that the Ginsparg- Wilson relation itself requires that CV symmetry should 
be modified on the lattice, and the form of lattice CV for a particular lattice chiral symmetry flows 
directly from the Ginsparg- Wilson relation. I will explicitly construct the required modification 
for an entire group of lattice chiral symmetries. I shall show that all lattice observables do, in fact, 
satisfy CV symmetry, but only if the correct lattice CV symmetry is used. I shall consider the 
anomalies discovered in [3] , and show that they are all resolved with this modified CV symmetry. 
Finally, I shall construct a chiral gauge theory, a Weyl action, a Majoranna action on the lattice, 
and consider the Yukawa coupling between the lattice Higgs field and the fermions within the 
context of the electroweak theory. However, this construction is only valid for Ginsparg- Wilson 
fermions, and for other lattice actions the CV anomalies will remain. 

In section [21 I overview the Ginsparg- Wilson relation and the renormalisation group construc- 
tion of the lattice overlap action. In section [3[ I construct the lattice CV operators, and in section 
S] consider the effects of CV on the generating functional. In section[5j I consider the locality of my 
chiral symmetry transformations, and in section [6] I digress into a discussion of the conserved cur- 
rents and Ward identities associated with the various lattice chiral symmetries. In sections [7] and 
|8] I construct Weyl and Majoranna actions, and consider fermion propagators in the presence of 
a Higgs field in section [9] After my conclusions, there are three appendices establishing notation, 
and describing the Ginsparg- Wilson operators. 



1 After this work was prepared, another work on this subject was presented, using mirror fermions [30 
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2. The generalised Ginsparg- Wilson relation 

D is the massless overlap operator [lij ]. 

£> = l + 7 5 sign(JQ, (3) 

whose eigenvalues lie on the unit circle of radius 1 centred at 1, and K is some valid kernel operator. 
One commonly used kernel in lattice gauge theory simulations is the lattice Wilson Dirac operator, 

K xy = 7 5 [4j / - rt^(l - ln)U„,{x)5 x+ ^ y + (1 + 7,j,)Ul(x - M)$c-j*, y ], (4) 

with the Wilson mass, my/ = 4 — 1/(2k), satisfying < my/ < 2. In this work, however, I require 
an overlap operator which is well defined in the continuum. This means that the kernel should 
be taken from a blocked continuum Dirac operator (plus an additional term to account for the 
non-lattice degrees of freedom) which is either equivalent to or smoothly reduces to a lattice Dirac 
operator in a particular limit (here I use an operator which reduces to the Wilson Dirac operator) . 
Defining the lattice Dirac operator as a limit of a continuum operator means that it is possible 
for the blockings to be invertible, and that both the continuum and 'lattice' Dirac operators 
have the same number of degrees of freedom, including the same number of eigenvalues. One 
possible example is given in [3j, although for this work the precise details of the kernel operator 
are unimportant. The kernel operator itself does not need to be analytic in the lattice limit as 
long as the overlap operator itself is well defined and equivalent to the target lattice theory. I shall 
refer to this Dirac operator D as the lattice Dirac operator, even though, strictly, I am always 
using continuum fermion fields. 

Ginsparg and Wilson originally derived their famous equation using Wilson's formulation of 
the renormalisation group flj . They considered how a symmetry is affected by a renormalisation 
group blocking. This formulation is more general than just the application to chiral symmetry in 
lattice QCD, and it includes the various blockings which can be used to convert continuum QCD 
to lattice QCD. The process considers a renormalisation group of the partition function such as 

Z(J ,J ,U, gi )= /# b # e-^^ oDo * ,+7o * , ^ oJo /rf^e-fe-^l^-B-'W (5) 



= J ^^e-^-* 101 * 1 ^^ 70 ^, (6) 
where the original generating functional was, 
Z{Ja,J ,U,g )= dip dip e i3 « , (7) 



and Di, B' and B can be calculated by integrating out the i/'o and ip fields. As a simplifying 
(though not necessary) assumption, I shall assume that B^ 1 and B are invertible, and use 
B' = B, B = B, I assume that the Jacobian created from this integration can be absorbed into a 
modification of the gauge coupling. Demanding that the original action is invariant under chiral 
symmetry leads to a Ginsparg- Wilson relation [3, @, [3H 



Bj 5 B 1 D + DB- 1 ~ fb B = D{B- 1 1 r Ba- 1 +aT 1 B l5 B l )D, (8) 

for invertible local operators B and B which do not necessarily have to commute with 75 (Ginsparg 
and Wilson's original formulation, and its use in constructing the perfect action 0] , assumed that 
B and B commute with 75). In [3j, I showed that a continuum form of the overlap operator which 
smoothly reduced to the lattice operator in a certain limit could be derived using such an approach. 
In this operator, the Dirac operator was constructed so that there was a decoupling between 
eigenvectors entirely on the lattice sites and eigenvectors entirely off-lattice. The eigenvalues of the 
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off- lattice part of the Dirac operator are then projected to 2/a, so that they do not contribute to the 
fermion propagators. In this way, the the theory was constructed without reducing the number of 
degrees of freedom but in such a way that the dynamics of the theory could be treated on the lattice 
while the off lattice site correction computed analytically (and trivially, since the determinant is 
just a constant). This is analogous to Wilson's approach to remove the fermion doublers. This 
overlap operator satisfies the Ginsparg- Wilson relation for various possible functions a and B. 
This relationship between the renormalisation group and the overlap operator explains why the 
Ginsparg- Wilson equation can be applied to overlap lattice QCD. If certain lattice operators were 
not connected to the continuum via the renormalisation group and the Ginsparg- Wilson equation 
only fulfilled coincidentally, then much of the physical significance of the relation is lost. Equation 
© can be re-expressed as 

lL D + D lR = 0, (9) 

where, for example, 

7 fl , =B- 1 j 5 B - (B~ 1 j 5 Ba~ 1 + a^B^W^D. (10) 
There are, in fact, an infinite number of possible solutions and 7_r for a given chiral lattice 



Dirac operator, which only become equivalent in the continuum limit 32J, |33[. Following the 
formulation of [3J, I here set a = oo so that for finite and non-zero B and B the right hand side 
of equation ([8|) vanishes, and the operators jl and 7_r can be easily constructed from B, B and 
75. In principle, any of these chiral symmetries could be used, each with their own conserved 
current to take. Which of these chiral symmetries is 'correct'? In a sense, they all are, since 
they all give the correct continuum limit and the ambiguities disappear in that limit. But the 
additional symmetries may yet cause difficulties at finite lattice spacing. The problem is that the 
generators of these symmetries are not independent, so in principle at non-zero lattice spacing the 
different currents will mix and one has to consider the entire infinite group of chiral symmetries. 
The reason for this infinite group is that 7^ and 7^ are not restricted to conjugate operators in 
Euclidean space, unlike in Minkowski space. This means that under standard CP symmetry, one 
representation of the chiral symmetry will transform into a different representation, and these two 
representations need not give the same physics at finite lattice spacing, as discussed in [32| 



This is the root of the problem of CP symmetry on the lattice. These differences will disappear 
in the continuum limit. It is also strongly suggested that the differences will not be present in the 
renormalised theory, because the different chiral symmetries arise from different representations 
of the renormalisation group derivation of the overlap operator Q. However, for the lattice CV 
problem to be removed, either some CP-symmetric formulation of lattice chiral symmetry much be 
constructed or CP-symmetry treated using an analogue to the Ginsparg- Wilson procedure. Since 
the best lattice theory respects, as much as possible, the symmetries of the continuum theory, the 
preferred chiral symmetry would be one that does respect CP-symmetry, if such a symmetry exits. 

It is tempting to suggest that since the 'real world' (Minkowski) has conjugate fermion variables, 
the best chiral symmetry should be one where the Euclidean variables are transformed in some 



symmetric way. Two solutions consistent with conjugate fermion fields were considered in [32 
1l — Jr — 75(1 — D/2) and 7i = (1 — -D) 1 ^ 2 75; 7/?, = 75(1 — D) 1 / 2 ; however the first of these 
is not invertible and the second is ill-defined. A third group of chiral symmetry transformations 
was d escribe d in where i L = (1 - sD)j 5 , i R = 75(1 - (I - s)D, and j L = i L j ^f{l' L ) 2 , 1r = 
Y R / J (t^j) 2 . It was noted in that work that the symmetric version, at s = 1/2, contains potential 
difficulties concerning locality due to the zero mode doublers (with eigenvalue A = 2/a) of the Dirac 
operator. Thus finding a lattice chiral symmetry with symmetric 7 operators seems problematic; 
and two no-go theorems have been constructed to demonstrate its impossibility [HI, [23] 



2 However, both these no go theorems seem to assume that the chiral projectors are continuous functions of 
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In 28[, a different approach to the lattice CP problem was proposed: to modify the way that 
lattice fermion fields transform under CP . However, although the approach works, it is unclear 
from that work why this approach should be taken. Ideally, the solution to lattice CP should 
flow naturally from the Ginsparg- Wilson relation. The solution of [28[ also only discussed the 
standard Ginsparg- Wilson relation 7^ ="/§',"/ r = 75(1 — D) without any reference to the larger 
group of chiral symmetry transformations. I shall later re-derive and extend their result based on 
a different approach inspired by the methods of Ginsparg and Wilson. 

In 0], my considerations of the renormalisation group led me towards a 'natural' group 
of lattice chiral symmetry transformations. The symmetry transformations were expressed in 
terms of a continuum form of the overlap operator and the usual continuum Dirac operator, Do, 
7t? = £) _ ( 1+ '')/ 2 ZD^^^^D^ 1 ^ 1 ^ 2 _D( 1+ '?)/ 2 , where 77 is an arbitrary tunable parameter 
and the unitary operator Z projects the eigenvectors of Do onto the eigenvectors of D. Several 
possible choices of Z are given in the simplest (though not practical or obviously local) is 
Z = \gf\ (gf\ + |g,r) (<7j~l' wnere Ifl^) are the chiral eigenvectors of D^D and \gf) are (in some 
sense corresponding) chiral eigenvectors of d\Dq. This choice of Z obviously commutes with 75 
([Z, 75 ] = ensures that D = B {r,) D B^) = B { ~ v) DqB^ is 75-Hermitian). The blockings 

used to generate this lR are = D~ (1+r ' )/2 D^+^Z 2 and B {n) = D( 1 -")/ 2 ZD " (1 "' ?)/2 with 
a = 00. Using the matrix representation of the eigenvalue decomposition of D, as discussed in 
appendix [Cj and using the simplification that the matrix components of Do are real, then, as 
outlined in appendix [C] (equations 11611 - 1164|) , the class of 7 matrices can be expressed as 



Of) 

Tr =75 cos 



in) 

Tl =75 cos 



(1 + r))(n - 29) 
fa-l)(7r-20) 



sign (75 (D f -D))sin 
sign (7 5 (D f -D)) sin 



tan 6 =2 



y/l -a 2 DW/4 
Va 2 DW 



(l + »7)(7r-20) 



(11) 
(12) 



Note that D^D commutes with both 75 and sign (K). 75 = 7^ 1 ' ) = 7/, • = 757/?~''' > 75vV;. 
The standard form of lattice chiral symmetry is the solution at r\ = ±1, while the symmetric form 
is at r] = 0: 



(0) 
Tl 

(0) 
Tr 



=75-^/1 - a 2 DtD/4 + - 75 (D - £>t)(l - a 2 D^D/4)-^ 2 



=75^/1 - a 2 DtD/4 - - 75 (D - D f )(l - a 2 D^D/4)-^ 2 , 



(13) 



This symmetric form can also be written as 7? = sign (75 — sign (K)). It is immediately clear 
that there are potential problems with locality, since (D — D^)(l — a 2 D^D/4) -1 / 2 is a doubler free 



the parameter used to interpolate between 7^ and 7jj. For example, if we write that 7]^ = sign ((1 + 11)75 — 

(1 — u)sign (K)), and 7S7 = sign ((1 — v)y$ — (1 + w)7ssign (K)"/^), then these operators are both discontinuous 
at v = in the presence of zero modes (this can be shown by considering the zero mode doublers). 22] shows 
that if 7^75 = 757^"' 1 then the projection operator is non-local. CV symmetry converts 7^' — > —7^ ^ and 
the CP breaking term is of order v. The CV symmetric case at v = seems to be ruled out. However, if the 
the operators are discontinuous at v = then the CV breaking can be removed by taking a limit towards v — > 
while always maintaining a difference between the two operators. The more sophisticated analysis of 23] makes 
the same assumption. It demonstrates that the two projectors must be in two topologically distinct states, and 
assumes that the only winding comes from the discontinuity in the Dirac operator. If however, the projectors 
are also discontinuous, then there are additional discontinuities in the function g used to to interpolate between 
the projector 1 ± and the projector 1 T 7l ■ This means that the difference of the Chern index of the two 
projectors need not be the topological charge associated with the Dirac operator. However, I have not found any 
local operators which sidestep the no-go theorem by these means, and my approach in this work takes an entirely 
different direction. 
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Dirac operator which apparently anti-commutes with 7j0, and by the Nielson-Ninoyama theorem 
is therefore non-local. A discussion of the locality of these operators is thus essential, and will be 
given in section [5] In equation (1121) the difficulties occur when D has an eigenvalue of 2, which 
corresponds to 8 — 0. For the zero modes of D, 6 = it/2 and the second term in equation (jTTJ) is 
zero: there is no ambiguity in the definition of the operator in this case. Any problems with an 
ambiguous definition, and the related issue of locality, are avoided if 77 takes an odd integer value, 
because the coefficient of sign (75(1? — D')) is zero for both the zero modes and the eigenvalues 
at A = 2/a. 

At other 77, these operators have one obvious problem: they are ill defined at eigenvalues of 
D^D = 4. These are the zero mode doublers, which are inevitable if we move outside the trivial 
topological sector. It is tempting to say that this is unimportant, given that there are solutions 
which are valid, but doing so leads to certain problems which we shall encounter later, in the 
definition of CP-symmetry on the lattice. In practice, for non-odd integer values of 77 one can 
create a well defined operator by deflating the zero mode doublers, and replacing them with 75, 
for example by writing (for non-integer 7/ + e, where e is some infinitesimal real number used to 
shift the ambiguity away from integer 77) 

1'r =7£(1 - W) (fh\) " sign (sin((r? + e)vr/2)) 75 |^> (H 

1'l =72(1 - 1^2) (H) + sign (sin((77 + e)^/2)) 75 |^ 2 ) (V> 2 | . (14) 

This will not, of course, be local for all but certain specific values of 77. 

There is, however, an additional concern involving the zero mode doublers during the construc- 
tion of these blockings. To write the 7 matrices solely in terms of the lattice operator, one needs 
to match eigenvectors between the standard continuum operator, and the continuum equivalent 
of the lattice operator. This is achieved by the operator Z in the definition of the blocking. But 
there is no continuum equivalent to the zero mode doublers. We can neglect this, by using the 
infinite number of variables in the continuum to hide one additional lattice mode, and this is what 
I did in Q, and it is good enough if we only wish to consider the construction of the overlap 
operator and lattice chiral symmetry. For this work, I shall continue to use this approach, despite 
problems which will arise in the discussion of CV symmetry. In a subsequent article, I will explore 
the possibility of introducing a second 'doubler' field in the continuum (with a mass of the order 
of the cut-off), which will allow a more careful analysis of the difficulties that arise from the zero 
mode doublers. 

These 75 operators do not commute (except at r\\ — 772), but satisfy the following relation^], 

7 0») 7 M =7^7^-^. (15) 

Additional Ginsparg- Wilson equations can also be found by addition; for example 7^ = n J7 c ilR^ > 
7i = n J2i c ilL i f° r arbitrary cj and r]i, and the coefficient n, which will be a function of D, 
is chosen to ensure that 7^ = 7^ = 1. However, I have not yet found a renormalisation group 
blocking which constructs these combined operators; and it is therefore unclear that the different 
Ginsparg- Wilson symmetries are connected to each other by the renormalisation group. 

These 75-matrices satisfy the following properties (the proofs are either by inspection or can 
be found in appendix |B1) : 

1. Continuum limit: In the continuum limit (a — > 0), 9 = ir/2, and 7^ = 7^ = 75. 

2. Hermiticity: 7^ = h^Y- 7^ = ^"Vi 



3 The ambiguity in the definition of 7^ for those eigenvectors of D and with eigenvalue two means that, 
depending on how these eigenvectors are treated, this operator may not, in fact, anti-commutate with 75. This is 
why the anti-commutation may only be apparent. 

4 See appendix iBl for proofs of this and other results given in this discussion 

5 More precisely, this depends on how the zero mode doublers are regulated in the matrix sign function of 
75 (Dt-D). 
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3. Unitarity: ( 7 ™) 2 = ( 7 [" ) ) 2 = 1. 

4. Ginsparg- Wilson chiral symmetry: ^lD + Djr = 0. The chiral transformations asso- 
ciated with this Ginsparg Wilson equation are 

^e l£7R V; ^->^e <e7£ , (16) 

and for an infinitesimal transformation the change in the fermionic action is 

AS = ietp(-y L D + D>y R )<ip = 0. (17) 

The topological charge can be defined by considering the Jacobian of the chiral transforma- 
tion 

Q = -\^{ir + 1l) (18) 

5. CT'-symmetry (see appendices lAl and |C|) : 

CV ^-W^-^fW- 1 

CV n ( L ] = - W^^fW- 1 (19) 

The behaviour of the zero modes fa and their partners fa under CV is discussed in appendix [Cl 
where it is shown that CV preserves the eigenvectors, CV : \ fa) — \4>q F ) = W' 1 \fa), but the 
chirality of the eigenvectors is switched, {fa\ 75 \ fa) = — (</>o' p | 75 \(£>q P ). This means that when 
CV is applied to the chiral Lagrangian, |^)(1 — ~/^)D(l + ~/^)')p the contribution of the zero mode 
doublers remain the same: if they contributed to the original Lagrangian, the zero mode doublers 
of the CV transformed Dirac operator will contribute to the transformed Lagrangian. The only 
other effect of CV symmetry on Dirac operators and blocking operators is to switch r; — » —77. 



3. Lattice CP and the Ginsparg Wilson relation 



As stated in [3j, overlap lattice QCD can be derived directly from the renormalisation group. 
This presents a natural mechanism for deriving a lattice CV symmetry. The generating function 
is 



Z[U, J , Jo, go] = I dipodipQdtp^ dip^ e ^° ° ° 



e -(^ ) -?o(^V>(^ ?,) -(B ( ' i) r 1 v^ 

Given that the original action is invariant, applying CV gives, 
Z[U, J , Jo,9o\ = / dip dip dtpl "dty x e 4s o 

e -((* ( ; ) ) cp -*„ CP ((B (, V i ) cp )« cp (w!") cp -((B w )- i ro. 

Where, as shown in equation (fTTTl) of appendixO CV : B^ = (B^) CP = (B)^. 
The generating function is invariant under CV if a CP = a, and 

(4 v) f p ) = - w-H(%\ (b ( - v) )-t = -w((^Y v) (B { -' n) rr 



I define 



_ w _ ( _ 7))) _ 1= ^^_ 1) _ 



(20) 



(21) 



(22) 



(23) 
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For the non-zero eigenvectors of D, equation (|2"5|) follows from the eigenvalue decomposition of B 
and B used to derive and jr. For example, if we match the eigenvalues so that A = Ao, 

^(n) = fh\ (1 ~" )/2 ( cos((l - rj)(6 - tt/2)/2) sin((l - - tt/2)/2) 



\ J \ -sin((l-»j)(e-7r/2)/2) cos((l - tj)(0 - tt/2)/2) 

clW-^-J _ f coa(fa)(0 - tt/2)/2) sia(fa)(0 - tt/2)/2) 
1 j ^ -MdnW-n/W) cos(fa)(0-7r/2)/2) 

=7 5 B 75 (S ) =757^ • (24) 

Equation (j2"3")l can also be extended to the zero modes and zero mode doublers; although except 
when 77 is an even integer it will not be possible to give a local closed form that describes these 
operators both for the zero mode doublers and the non-zero modes. Combining equations 
and (f23|) gives 



Ir^ = [75 cosfa(0 - tt/2)) - sign (j 5 (D - £>t)) sm(?? (0 _ ^ /2 ))] (1 _ |^ 2 ) (0 2 |) + 75 |^ 2 ) (0 2 | 
CP:^ ) =( 7 i-"- 1) 7 5 ^)) T 

CP:^ ) --(^ ( " ,) 757^ 1) ) T (25) 

It is not necessary that these transformations are local since the fermion fields themselves need 
not be local. After all, even in the continuum the parity operation is not local. It is, however, 
necessary that lattice CV smoothly reduces to continuum CP as the limit of zero lattice spacing 
is taken. Using equations (|153l) and (|154[) . and noting that the CV transformation of the zero 
mode doublers has the opposite chirality, it can be shown that both the standard and chiral gauge 
fermionic Lagrangians are invariant under lattice CV: 

CV $Di> = (^757^ X) 'D^p- 1] lh ^ T 

= ipDip 
CV:\^D(l+ lR ^ 

= \ (Wir^a - 7i^ ) )^r- 1 w) T 
= ^(1 + i^-^i^i^i^ 

= -^(1 + 7^ (26) 



This formulation generalises the approach suggested in 28 1. 

This means that any of these primary formulations of a lattice chiral gauge theory (as opposed 
to the secondary formulations derived from combinations of Jlj R derived by adding two or more 
solutions together) are CV invariant if the correct lattice CV symmetry is used. 

This approach can be easily extended to the additional Ginsparg- Wilson operators based on 
the overlap operator described m_[7| which are related to the overlap operator by additional 
Ginsparg- Wilson transformations 



4. The effects of CV violation 

The effects of CV violation in a chiral gauge theory were discussed in 24] . They discovered 
three effects: (1) an overall constant phase in the generating functional; (2) an overall constant 
coefficient in the fermion generating functional; and (3) a shift in the quark propagator in external 
lines and when connected to Yukawa vertices. I shall discuss this last point, which could, in 
principle, lead to non-localities when coupled to a Higgs field, in section [9] In this section, I 
discuss the measure of the chiral gauge theory and the fermion propagator. 
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4-1. Construction of Weyl fermion fields 

Unlike the standard action, the functional form of the lattice Weyl action will depend on the 
blocking used to convert from the continuum to the lattice. With this caveat, a lattice Weyl action 
can be easily constructed from a continuum Weyl action: 

i^ A)(l + 75 )^ =^ 1 S (n) £> 5(")(l + (B^J-^bW)^ 

=^ ) D(l +1 ^ ) . (27) 

This is therefore the particular lattice Weyl action associated each blocking. 

The prescription to consider changes in the measure caused by infinitesimal changes in the 
gauge field was developed by Martin Luscher in (iH, |35| . We can select a set of basis vectors vq 
and vo which satisfy JrVo — vq and woT^ — ^o- Under an infinitesimal change in the gauge field, 

SMx) =^)U^x); fa) =e(x)T a , (28) 

the Jacobian for the change in the measure for the physical fields is 



where 



& £ } = *E[( U °><W + (^v ,v )}, (29) 



and 5(:Vi is the infinitesimal change in the basis vector associated with the change in the gauge 
field. Then, to consider the change in the measure for a change in the gauge field and the basis 
one computes the Wilson line across a trajectory in the space of gauge fields 

W =e^ dt ^ £(x) =d t {Ul{x)){Ul{x))-\ (30) 

4-2. The fermionic measure 

(n) (r>) 

The eigenvalues of the overlap operator come in pairs, either non-zero pairs <j>\ and (f>_ , 

where H 2 (f>^ = A 2 ; H 2 <$>_ = \ 2 4>^!\ or the zero modes and their partners. Here <fi^ and 

cf)lP are chosen to be eigenvectors of 7^ , while we can equally construct two vectors and <j>^P 

(n) 

which are eigenvectors of J L . The fermion fields can be written in terms of these vectors, 



W - £ &l (#5 1 + E *SJ (ffl I + E ^ I + E @* I ( 31 ) 



which allows the measure to be defined in terms of c^ 1 ' and c 1 -^. Each basis, which I shall label 
by w, is only defined up to a phase e lS '- u ' u '' n \ An infinitesimal change in the projection operators, 
whether from the gauge field or a change in 77, will induce an infinitesimal change in the eigenvectors 
S(f>^ unless there is a change in the topological index, and will change the fermion variables from 
c to (/, where, for example, 

^=E^=E c i^ n) +^' ?) )' 

c i =^4fe + # ) ^ ) ). (32) 

Using the result (<j>i,6<j>i) = 0, the Jacobian for this transformation is det(<5,j + (<j)j , 5(f)i)) = 
exp(Tr log(<5jj + (<j>j,6<l>i))) — exp(Tr (cj)j,S(f>i)) — 1 (see section [7]), as long as the change in 
the gauge field induces only an infinitesimal change in the fermion field, which will be the case 
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as long as the topological index remains constant. Thus the measure remains invariant for all 
continuous changes of a gauge field within a topological sector, including gauge transformations. 
This result will also hold for infinitesimal changes in rj. There is no discontinuity at rj = because 
the contribution of the zero modes and their partners to the fermionic measure is independent of 
V- 

I need to show that the measure is invariant under both gauge transformations and CP. In [3(, 
I discussed the question of gauge invariance of the measure for rj = in the absence of zero modes 
and their partners, and I shall generalise that argument in section [7] Here, I shall concentrate 
on the CP invariance of the measure. In [24||, an analysis based on Luscher's approach concluded 
that is was possible to construct a basis where the measure was CP-invariantj^ Here, I will take a 
different approach based on a specific construction of the basis. Here the basis vectors Vfp and 



are constructed as the eigenvectors of the projectors P R = (1 + j)^ > )/2 and P^ 1 ' = (1 — ; y)7 ll )/2 
so that they satisfy P R 7 



Xv) 



U R — "R 

Using 7^ = Jr V ~ X ^1r 'jR~' n ~ 1 \ an d with the Weyl fermion fields, tp + and ip— restricted to 
the chiral sector containing zero modefQ, the basis given in equation pip can be defined as 



i 



7^ 1) +co(0o| 



(33) 



with a measure 



n 



aacQCo. 



(34) 



The basis used in the CP transformed action will be constructed from the eigenvectors of 7^ 
7s7i? 7s and 7^ = 757^' 'T R "T R 75, giving 



(-')) 



^0 =j2c? p w -i ((^ii^-^y+^n^n 

i 

T^ P (7 5 |^))V + c ^<^| 



-CP 



(35) 



The basis is constructed in terms of the eigenvectors of the Dirac operator. In appendix [C] 
I show that, for each non-zero eigenvalue pair, the eigenvectors of 7^ can expressed in terms of 
the non-zero eigenvalues of H = 75 + sign (K), 



^\ = coso^ \H+) +sina ( ") |JT_) 



= cos a (v) \H-) -sina w \H. 



(v) 



a<"> =(0+(»/ + l)(7r/2-0))/2 



(36) 



where 



(75 + sign (K))\H +l ) =Xi\H +i ) 
(75+ sign (K))\H-i) = - \i\H-i). 



(37) 



6 Some care needs to be taken with this approach because the construction of the Wilson line in equation H30II is 
only valid if the gauge field does not cross the topological index boundary, since the basis changes discontinuously 
when there is a change in the topological index. Except for trivial topology, U and U CP will be in different 
topological sectors. 

7 The fermion fields in the opposite chiral sector can be treated in the same way. 
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For simplicity, I will usually suppress the eigenvalue index. As shown in appendix [Cj under CV, 
the eigenvectors transform as 



CV : \H+[U}) -> \H^ P ) = - W- l {{H-[U cp ]\f 
CV : \B-\U\) -> \H^ P ) =W- 1 ((H+[U CP ]\) T . 

The zero modes and their partners transform as 



CV:\UU])^W P )=W-\{UU CP ]\) T 

cv-.\Mu])^\^ p ) =w-%wu CP \\) T , 



(38) 



(39) 



where \4>2)\U CP ] = \<j)o)\U}. Putting together equations (j3T))) and (j3"51) and that CV transforms 
CV : rj — > —rj, we have 



C7> 
CP 



^)[U]=^[U] CP ) 



-W~ 



[CT 



CP] 



</>w) [u] = l^ic/]^) - w- 1 (^-' 1} \ T [U CP ] 



(40) 



Inserting the CV transformations of ip and ip given in equation (|26|) into equation (|35|) gives 



cp /An) 



<?-! = -£■ 



iv^ + >=E^ p 7r i) 



(41) 



Comparing this with equation (|33|) gives the measure for the transformation as (det^jj ^)) 2 = 1. 
Therefore the measure of the chiral gauge field is invariant under CV. 

4-3. The generating function 

Observables are defined with respect to the generating functional of fermionic Green's functions. 
We can write 



( d 



d 



d 



d 



x-s-o x ^o \dx(xi) dx{x 2 ) oxiyi) dx{V2) 



\ogZ F 



Z,- 



dipdifiZf 



Z F [u,U,r),x,%ip,^\ = e ^[-,^] e -^^(i+7^)^-^(i-7r)x-^x(i+7^ 



e re{u,U,ri] e ~^+xD-Hl-<P«<p] ) ))D{lWZ ) ){i>Hl-4>«4>l)D- 1 ^^ 
e i(^,0o)(0o,(l-7i' ,) )x) + ^(x,(l+7^ ) )^o)(0o^) 

jOl^uM det(D(1 + 7 W )(1 _ + 7^), <M(^(1 - 7 i r,) ), x)^ G ^, 



(42) 



where Zp is the generating functional defined in a particular basis of the gauge fields, and the 
propagator Gfo) satisfies 



G ( " ) ^ = i(l + 7 i" ) )(l-0o4). 



(43) 
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Under CV, r\ — > —rj and the zero mode (f>o — > 4>q P ■ The generating functional is given by 

Z^lui, u CP , - v , - WiT^W, X^r^W^, i>] = 
el eiu,u CP ,- v ] e -^ 5l ^-^D(iW R " > h ( R ^ 1 h^ 

e -h^ l R ^ 1 \^-^ v) W R ^ 1) ^x-hxi^ l R ^ 1 \iW R ^ 
el e[u,u CP ,-n\ e hx^i l R ^ 1 \i-4> <t>l)(iW R ^ ) )D- 1 lR - r '- 1) 1 ,x 

e i(?,757<r- 1 Vo c ^)(^(i-7£-^7^-s^ 

' kCP 



-_ e *W, v ] det(D(l + 7 ^)(1 - M^))(x\{l + l R l) ),& 



^\{l-l^\x)e^ CP \ (44) 



with the propagator 



= |(1 - I0o) (^>o|)(l + (T^ } ))- 

=D(G W ) (45) 



Thus, comparing equations (|44|) and (|42|) with the correct lattice formulation of CV symmetry, 
the chiral gauge propagator and generating functional are invariant under CV. 

5. Locality of the 75 operators 

Clearly, for this work to be valid, 7^ and 7^ must be local. I outlined an argument why 
1l,r should be local at 77 = ±1 in [3], although I did not prove it for the general case. Here I 
argue that these operators are local for odd integer rj. 

The potential problem in 77? is the presence of eigenvalues of D at exactly 2, where both the 
denominator and numerator in the second term of equation (|13p are zero, or (equivalently) the 
kernel of the sign function is zero. At odd integer 77, this term does not contribute so there is not 
this difficulty. It should first be observed that 7^ and jn themselves are finite: this is obvious 
from 7^ = 1 and 7^ = 1. However, the presence of the square roots leads to concerns that there 
may be branch cuts in the Fourier transform of the Dirac operators. 

I shall also only consider 7^ in the topological trivial sector (in the presence of zero modes, the 
argument following is invalid since I am neglecting the outer sign function of 7^ ). I note that, 
using equation (|147|) . 

7^ = 757^ = (1-^)7^ • (46) 

If we assume, following already well-established results, that D and are local on a smooth 
enough gauge field that the overlap operator is local, it is sufficient to consider the cases when 
rj = 1 and 37 = and the locality (or otherwise) of 7^ for all integer rj follows by induction. The 
locality (or non-locality) of jl can then be demonstrated using 7^ = 757^~' , ' ) 75. 
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5.1. The Paley- Wiener theorem 

If we consider a function F(x) in the continuum, then we can construct the Fourier transform 
F(p) according to 

/>oo 

F(p) = / d i xF{x)e i ^ 



F ( x ) =7^4 / d A P F{p)e-^\ (47) 

If F possesses an 0(4) rotational symmetry, then it suffices to only consider x in one particular 
direction, for example along pq 



F ^ =TTu / d 4 P F(Po,Pi,P2,P 3 )e- ipo *. (48) 

For x > 0, the integral can be completed in the complex plane around the lower half circle as long 
as F{p) is finite on this circle and zero at p — ±oo. If F(p) is analytic along this contour, which, 
most importantly, includes being analytic along the real axis, then the integral over p is then given 
by the sum over the residues of F(p) and the integral around the branch cuts in the lower half 
complex plane. If there are no branch cuts, and if the poles are at in — 7r[ e ± in™ 1 (tt^^tt}" 1 both 
real and 7r* m > 0; 7T; will in general be a function of the other components of the momenta), then 
F(x) will have the form, 

F(x) = S / d 3 pa i (7r i ,p 1 ,p 2 ,p 3 )e-^\. (49) 

i 

Assuming that when the remaining integral is calculated or estimated (for example, by using the 
method of steepest descent) it retains the exponential form (which will certainly occur if 7r* m is 
constrained to be greater than some positive number ft), then 

\F(x)\ < ae"* 1 (50) 

for some positive a and ft and F is local. If there are additionally branch cuts as well as poles, 
from momentum irj s tart (with imaginary component closest to zero) to TTj en d then the functional 
form of equation (|49[) will no longer be valid, and instead we must use 



(51) 



F(x)= I ^MMfosin 2 0isin02 ^ a^pi^paje < m ^ + 

i 

fXj start 
A J Hi n „ ri 



Since, at each point along the integral, \a J (n,pi,p2,P3)e~ l7TX \ < C'e~ p ' start > x > for some positive 
C , the whole integral is smaller than Ce - ^ ^"d^l anc j tfie equation ([5l)|) still holds as long as the 
branch cut does not cross the real axis. Thus for any function in the continuum where the Fourier 
transform is analytic along the real axis, the function itself is at least exponentially local. This is, 
of course, the Paley- Wiener theorem |36| . 

On the lattice, the momentum is bounded, \p\ < n/a, so before the Paley- Weiner theorem can 
be applied it is necessary to transform to a new momentum variable, p which is not bounded, for 
example using 

- a ( a \ 

This gives 

dp^ = dp^ — —. (53) 

1+ 
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After this transformation of variables, the Paley- Wiener theorem can be derived in the same way; 
once again the result is that if F(p) as analytic along the real axis for —n /a < p < n/a, then the 
resulting operator F(x) will be exponentially local or better. Equation (|53l) indicates that any 
lattice operator for which this construction is valid will only be exponentially local, with a rate of 
decay inversely proportional to the lattice spacing, and cannot be ultra-local. 

5.2. Application to 7^ 

It is useful to consider two cases separately, when 77 is an odd integer, and 77 is an even integer. 



The definition of 7^ is 



7™ =75 cos((l + 77)^/2) 
7 5 sin((l +??W2) 



cos((l + T))6) 
sin((l + n)6) - 



£>t - D 
2sin26> 
Dt -D 
2 sin 29 



sin((l + V )9) 
cos((l + ry)^) 



(54) 



where 



cos(0) =Jl - DW/4 



sin(0) =JDW/4 



(55) 



5.2.1. r\ odd integer 

If rj is an odd integer, then sin((l + r])n/2) = 0. The locality of 7^" can be proved using the 
well-known result given in lemma 15.11 

Lemma 5.1. For integer n > 0, cos(2n0) = Pg(cos 2 9) andsm(2n9) = sm(29)Pg~ 1 (cos 2 9) where 
Pq and Pg are polynomials of order n. 

Proof From de Moivre's theorem, 

cos(2n(9) =9? [(cos 9 + i sin 9) 2n ] 

(2n)\ 



R 



' 2n 

y 

rn=0 v ' 



COS 



E 



(2n)! 



^ (2m)!(2n - 2m)! 



ism9) 2n - m 
(-l) m cos 2m 6>(1 - cos 2 9) n -' m 



and the result immediately follows. Similarly, 



sin(2n6*) 



EM)' 



(2n) 



m=0 



(2m+ l)!(2n - 2m - 1)! 



cos f sm t) cos 



2m , 



1 - COS 



(56) 



(57) 



I 

Therefore, 



7^ =75COs((l+77)7r/2) 



cos((l + rj)8) 



Dt -D 



sin((l + 77)0) 



2 sin 20 

=75 cos((l + fj)7r/2) p«" +1 ^ 2 ) (cos 2 9) - (L»t - D)P { ^- 1)/2) (cos 2 0) 



=7 5 cos((l +77)tt/2) 



P. 



((*?+l)/2) 



C 



(D^D/4) - (L> f - £>)P. 



((^-l)/2) 



(D*D/4) 



(58) 



Given that a converging polynomial of a local function is itself local, it is clear that, for odd integer 
rj, 7^2 is local on all gauge field configurations where the overlap operator is local for 77 an odd 
integer. This includes the standard case where 77 = 1 or 77 = — 1. 
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5.2.2. 7] an even integer 

It is enough to consider the case where r\ = 0; the locality or non-locality of other even n will 
follow as outlined above. After Fourier transforming twice, 

-i />oo />oo 

1 + (ap Q /2) 2 11 1 + ( fl p, t /2)2 T 2 + 1 - WdJI' (59) 

To solve this integral is rather challenging, but an exact solution is not necessary to draw out 
general features, and a qualitative argument is enough to establish whether or not it is local. I 
proceed by using a contour integration over p , then examining the integral over t using either 
another contour integration or the method of steepest descent to establish the general shape of 
the function. 

The integral over p has simple poles at po = ±i2/a, which will not affect this argument as 
the poles are imaginary, and at the solutions to t 2 + 1 — (po)D(po)/4 = 0, which will in general 
be at pa = ir^\t,pi,p2,pz) for complex tt^°\ Here I will assume that there is just one such pole, 
but the argument can be easily extended if there are several solutions. Focusing on the pole with 
positive imaginary part, we can write 

1 1 / 1 1 \ 

+ 



f 2 + l-DtD/4 t \t + - DW/4 t-iy/l-DW/A 
1 1 



it,, (m ,dy/l-DiD/4 



+ . . . . (60) 



Closing the contour around the appropriate semi-circle and performing the contour integration 
over po gives 



1 r°° 

W%\ X ) = ...-— — / dt(l-D(pM(t, Pl ,p 2 ,p 3 ))/2) 



-R((t,pi,p 2 ,p 3 ))x/a+iT(t,pi,p2,P3)x/a_ 



1 + (a7r (i,pi,p2,p 3 )/2) 2 

1 dp 



, (61) 



where R is a positive function and T another function. The . . . contains the contributions from 
the simple poles at p, = ±2i/a and any branch cuts caused by the square roots in the definitions 
of cos# and sin# and the branch cut from the sign function in the overlap operator. Note that 
these functions are independent of the lattice spacing, since they are constructed by substituting 
the poles of 4t 2 + 4 — (apo)D(apo) = into arctan(apo/2). If has a large imaginary part, 
then e l2x arctan ( 7r V 2 ) gives an exponential decay in x (it cannot be an exponential growth because 
the contour for the integration must be closed in the semi-circle in the complex plane where 
3ft (i2x arctan(po cos 0i/2)) < 0), and the contribution to the integrand from this particular 7r' ^ is 

local. A real tt^ can only occur at t = since D^(n^D^ is real, positive and less than or equal 

(n) 

to 4 for real momenta. Therefore 757}/ may be non-local only if the integral is dominated by the 
section where t is small. We can freely expand around t = 0, knowing that where this expansion 
breaks down the effects will not affect a discussion of the locality. 

We can write D(-k^) — c a (t)T a + i'y ^d a ^{t)T a , where T a contains the colour structure. First 
I diagonalise the Dirac spinor components of this matrix. The eigenvalues of this operator are 

the eigenvalues of ±^/c 2 + d 2 + f a b c il^d b fl c c T a , which, at D^D = 4 + 4t 2 and small t means that 

1 — D (p°)/2 has eigenvalues of order 2 — (O (t 2 ) ) or t 2 /2 + O (t 4 ) . These two cases can be considered 
separately: 

• Eigenvalues of 0(i 2 ): For large enough |a;|, the integrals overpi, pi, pz and t can be performed 
using the method of steepest descent, expanding around the minima ofi?(7r(°)). The integral 
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over t is performed first. Here we need to find the minima of 

2x/a3(arctan(a7r (0) /2) -log* + 5K(log(l + (a7r (0) /2) 2 
which are located at 

1 



1 + (a7r(°)/2) 2 



+ 3? 



1 + (a7r(°)/2) 2 



While it is difficult to solve this exactly, nonetheless it is possible to describe the solu- 
tion qualitatively. If there is a real solution to 1 — D^D/4 = 0, the troublesome point, 
where ^°'{t,px,P2iPs) is close to the real axis, is around t — 0. We can therefore expand 
ir(° ) (t,p 1 ,p 2 ,p 3 ) around the real tt^ (0,p 1 ,p 2 ,p 3 ), giving 



-it + yjl- DID/4 = = -it + a(7rW(i,p 1 ,p 2 ,p 3 ) - n^^pufafc)) 



dp 



(«) 
(63) 



thus, at small t, 



3(arctan(a7r (0) /2) ~ % 



2 



1 



(1 + ( a n(0)(0, Pl ,p 2 ,p 3 ) m d V^ D /i 



(64) 



At large enough x, the integrand will be exponentially suppressed for all t except tx < 0(1), 
giving an integral of the form 



1r 



POO 

ft* ~ I dt(t + ^ e -atx/a+2ix/a(arct&n(aTr io} (0,pi,p2,P3)/2) + --- ^gg^ 



II 



which will contain terms of the order of a 2 /x 2 . Thus, if there is a real solution to 1— D^D/A = 
0, 7^ will be non-local. If dy/(l - DW/A/dp = at p = it would not affect the 
conclusions of this argument: one would simply have to incorporate higher order terms into 
the expansion of equation (|63|). and be left with an integration such as J dtte~ x ^* , which 
again has a power law decay in x. 

• Eigenvalues of 0(2): here there is a simple pole in 1/t, and the integral over t can be 
performed simply using contour integration. The pole at t — corresponds to a with 
large real part and small imaginary part. Therefore 9[arctan(a7r^°^/2] ~ and for these 
eigenvectors 7jj does not even have a polynomial decay in x. 

7^ for other even integer -q will also be non-local. 

Therefore is local when rj is an odd integer, and non-local if it is an even integer]! Similar 
arguments can be developed to show that 7^ is non-local for non-integer 77. 

It can be argued that this is enough for chiral symmetry on the lattice: the odd-integer 77 75- 
operators themselves form a closed group and are enough to define a chiral symmetry. However, 
the lattice CP-transformation contains 7^ 71 , which is even integer and thus non-local. Does 
this matter? The continuum CV symmetry of the fermion fields is itself non-local, and we have no 
reason to desire that the fermion fields ip and ip should be local (whatever that means in the case of 
the fields). No action or observable contains 7^ v . In these circumstances, there is no obvious 
reason to desire a local generator of lattice CV except to ensure that the lattice symmetry has a 



8 This corrects a statement I made in 
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smooth limit to the continuum symmetry. And here we have a major conceptual problem: the 
difficulties on the lattice are concerned with the doublers of the zero modes. There is no continuum 
counterpart for these eigenvectors of the lattice overlap operator, and for physical momenta there 
is no non-analyticity in the Fourier Transform of the CP operators: the non analyticity occurs only 
at momentum of the order of the cut-off (or at infinite p) , and is contained within the ultra-violet 
physics. The difficulty is that we are trying to map a lattice theory with doublers (albeit with a 
mass of the order of the cut-off) to a continuum theory without doublers. One possible solution 
is to add additional fermion fields to the continuum action to simulate the lattice doublers, as is 
explored in [42j . If this is done, the portion of the overlap operator which is mapped to the physical 
modes has a local CP symmetry, and the portion which is mapped to the doublers a non-local 
CP. It seems as though a non-local lattice CP symmetry transformation is unavoidable, but the 
symmetry is expressed in such a way that this non-local operator will not affect any observable. 



6. Conserved Currents and Ward identities 

Including a matrix A which mixes the flavours, the change in the fermion fields under an 
infinitesimal local chiral rotation are 

S^^i^heix), (66) 
where e(x) is diagonal in the spinor and colour indices. The change in the action is 

AS = hpX{^ ) eD + De^ ) )^. (67) 
The conserved current can be constructed by Noether's procedure. We write the action as 
AS =kpX(e(^D + D^) + [D, e}^ + [^\e]D)^ 

= 5]3,e(x)^(4 (68) 

fJ,,X 

where 9 M is the forward normal derivative. We can write that 

[K,e\ =d tl e(x)T fl (x) (69) 
[K n , e}=^2 ^d^T^K 11 -™- 1 (70) 



where 



Therefore, 



dU^x) oU^x) 
=d fi e(x) 75 [(1 - -yjU^x) - (1 + ^)Ul(x)] . (71) 



[D, e(x)} = 75 a = 75- j dt^-^^d^e)^ - Kd^T^K)-^-^ (72) 
[7^ , =75^ +3eSin((, + l)(f-0))+ sign ( 7s (£>t _ D))Z f , ( 73 ) 
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where, for odd integer rj 



dt' jJFvi , 7TR Ko ((^) 2 [[A 75] , e] - [A 75] [[A 7s] , e] [A 7 



7T 



x (t') 2 + ([A75]) 2VVy U " JJ ' J L " OJU "° J ' JL "° J (t') 2 + ([A75]) 2 

()7+l)/2 m-l / , ,x, / nt nX k 



^ -- ^ (2 m )!(„+l-2m)! I 1 -—) W'TP'® 

D\ m l k /£)t£)\ ^ +1 ^ 2_m 



1 - 



4 



(»7+l)/2 (i7+l)/2-m-l , / ntnN m / x . fc 

y y r-i)- (n±l)| (V— ^ ^) 

^ 1 J (2m)!fa + l-2m)! ^ 4 J { 4 J 

{ 75 D )7s [Ae]}(^J , (74) 



and can be found in the same way from the differential of 

^ v 7 2m + 1 )\(r> + 1 - 2m- 1)! V 4 V 4 / V 4 / 

To derive these expressions, cos(?7 + 1)(tt/2 — 9) and sin(?7 + l)(ir/2 — 9) were expanded using 
equations (|56[) and (|57| . and the definition of was used from equation (fT"2|) . The conserved 
current can be constructed from equations (1551) . (fT2"j) and (|75|) . 

The Ward identity is derived by considering the expectation value of an operator O. We can 
write that 

(OhM) = / di)d^dUG[^^]e- s °W- s f [ ^> u \ (75) 



When the change (|66[) in the fermion fields is applied, the expectation value is invariant, which 
means that the contributions at 0(e(x)) must cancel. There are three places within the expectation 
value where these effects can enter the expression: from the change in the action, the operator, 
and the integration measure. The change from the action leads to a term 

d^dUO[^^]e- s °W- s M^dv{e)J^ = e{x){Od*J^(x)), (76) 



where <9* is the backwards non-covariant derivative and I have used the identity 

£(^(e(z))jW(a;) = - £ e(x)d; J^(x). 

X X 

From the change in the operator, we obtain 

{ma {l ^ ){x) + { ^ )){x) m^) = ^ ] °^- ^ 

Finally, from the change in the measure, we obtain obtain the topological charge 

(Tr(^ +^)0)=-{Q[U}0). (78) 

If the expectation values are taken in a fixed topological sector, then the Ward identity is 

(S^O) Q - Q(0) Q + d*(jM(x)0) Q . (79) 

Demonstrating the locality (or otherwise) of the conserved current for general 77 is clearly a non- 
trivial exercise, and beyond the intended scope of this work. When i] = ±1, and the chiral 
symmetry transformations reduce to their canonical form, the expression for the current simplifies 
to the well known formula 37J. For other 77, the locality can be considered using a method similar 
to that of the previous section. Once again, the currents are local for odd integer 77 and non-local 
otherwise. 
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7. Weyl Fermions on the lattice 

The construction of a Weyl fermion action is now straightforward. Using the Ginsparg- Wilson 
relation, we can write 

SM = ^Dyj = + 7 i" ) ) J D(l - 7 £ ,) )V + - ^)D(1 + 7 £>ty. (80) 



As already discussed, this chiral Lagrangian is CV invariant. We can write a new action in terms 
of Weyl fermions ip+ and ip_ , 

S^=^D^+^D^\ (81) 

where 

v4 r,) =l(i±^)t, =$\o- ±iP)- (82) 

It is not immediately clear that the measure of this transformation of the fermion variables is 

(w) (w) 

gauge invariant, because 7^ and 7^ depend on the gauge fields. If the zero modes are in the 
positive chiral sector (the case where they are in the negative chiral sector is analogous) , then the 
measure can be calculated in terms of the basis used in section 14.21 



^) =C (^W + Co4>0 . tfn) ^M^v-D + - o4>q = ^.A-v)^ + - CQ ^ (83) 

The Jacobian for the change in the measure for an infinitesimal change in the gauge field is e £ , 
where £^ is given by equation (|29|) : 

4^ K^hh^l) + + (6 ( MM + (MWo) , (84) 

i 

For the zero modes (or, equivalently their doublers if the Weyl fermion is in the chiral sector 
containing the doublers rather than the zero modes), 

kk<h\<h) + (ihfafa) = St (4> \4>o) = 0. (85) 
For the non-zero modes, I use equation (|36[) to write, 

(An) x.Avh - s]n2aM 



-i > "S^+i 



2 



-((H-i, SeH+i) + {H+i&H-i)). (86) 



The differential of the eigenvectors is (for example, see [38j]). 



S e \H +i ) = (1 - \H +l ) (H +i \) 1 5(H \H +l ) , (87) 

tl+i — M 



which gives, 



(H^\ \H+i) + (H+i\ 6^ \H-i) = ^({H-il StH \H +l ) - (H +i \ 8 ( H \H^)). 

For a gauge transformation, with the gauge field is in a representation R, 

A^A„- d^, (89) 

the change in the Dirac operator is [35[ 

SH = kSD = 15 [R(0,D]. (90) 
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Inserting this relation into equation (|88[) and using the relation 



J2 U\H +i ) (H.^ \H-i) (H +i \) = 1 (Dt -D)(l- <0o| - |^ 2 ) (<H) (91) 



gives 

i / nt r> . , 

(92) 



J -\- 1 LJ^S^-j- ) — 2 Non-zero eigenvectors 



Since -R(£), cr 7 " and D^D commute with 75 this trace is zero. By repeating this argument for the 
remaining term in equation (|84|) . it can be shown that £g = and therefore the measure of the 
Weyl fermion is invariant under gauge transformations. 

8. Majorana Fermions on the lattice 

Majorana fermions are neutral fermions which are their own anti-particle. Although no such 
fermions have been found in practice, they play a role in various beyond the standard model 
scenarios, such as, when coupled with a Yukawa coupling, massive neutrinos and certain super- 
symmetric models. 

8.1. Majorana Fermions in the continuum 

C is the charge conjugation operator, which has the properties 

C- 1 D T [U]C =D[U C ] 
C t C=l 

c^cr 1 = - 7 J. (93) 

Because they are neutral particles, Majorana fermions satisfy the constrain ip* — where 
23 = 75 C. To fulfil both this condition and (ip*)* = if), it is necessary to double the fermionic 
degrees of freedom, so that 

*=(t) (94) 



1p2 

we can define a charge conjugation operator in this enlarged space as 



C 



C 

c 



B = (-!B 0) ^ 

with a corresponding Dirac operator T>, 

Hi")- <96 » 

This Dirac operator satisfies 

(CV) T ^-CV; (CD) T =-CD; D* = f BD f B~ l ; (97) 
The fermionic action is given as 

S f = [ d^xi?CV^= [ &x(il%CDil)2 + il%CIhl>x). (98) 
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The action also contains a chirally symmetric Yukawa term, coupling the fermion field to a scalar 
field S, 

S Y [ip, S]=g j d*x (tp T CVS^ + V> T C(1 - V)Sip) , (99) 



where S takes the form, 

x v 

for a complex scalar field v, and V is a projection operator 



V=\{l + T 5 ). (101) 



T 5 is the higher dimensional equivalent of 75 , 



r 5 = ( ™ ° ). (102) 



-75 

Under an infinitesimal chiral symmetry transformation, 

V> -Kl + ieT 5 )i;; S^(l-2ie)S, (103) 

the action S = Sj + Sy remains invariant if 

T 5 V - VT 5 = 0, (104) 

which is satisfied for, 

Dj 5 + j 5 D = 0. (105) 

8.2. Lattice representation 

Suppose that we have some Ginsparg- Wilson relation, 

^D + D^=0, (106) 

where 7^ and 7^ both reduce to 75 in the continuum limit. It is then natural to construct 
projection operators, 

r fo) _ ( 7& \ 

PL,n=l(l + T^ R ). (107) 
In the higher dimensional representation, the Ginsparg- Wilson equation becomes. 

T^D - DT^ = 0. (108) 
From the continuum action, we may apply the fermion blockings and use the relations 

(B^) T C=CB { ^ } 

and 

_ ( _, ) _ (j))) _ 1= ^_ 1 _ r?) ^ 
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to write down a lattice action 
S f = [ d A x^ T C {ri) Vil} 



i 4 xg j d 4 x (^ T C^V^ ] S\l - V { ^)iP + V T C(")(1 - V^SV^^j , (109) 



S Y = I 

where 

C lv) = C^'^K. (110) 
(v) 

The charge conjugation operator acts on 7^ according to 

C^Ir ] C =7 5 T cos((l + 77)(7r/2 - 9)) + sign (( 75 ) T \rf - D) T ) sin((l + V )(tt/2 - 6)) 
=7 5 T cob((1 + r?)(7r/2 - 9)) - (sign (75^ - D))) T sin((l + 7 ? )(tt/2 - 6)) 
=(7^" 2) ) T . (HI) 
Therefore, using equation (|151[) . 

757^^ 1) ^ 1 (7i' ?) ) T ^-' ) - 1) 75 = 7i" ) , (112) 

giving 

(cfo))- 1 (r£ ) ) T cW = -r£ ,) . (113) 

An infinitesimal chiral symmetry rotation is 

^> + tela)^; V T ^V> T (1 + «er^); S + 2ie)S. (114) 

The fermion action transforms as 

S f -> S f + ie J d 4 x^ T C{C- x Y T B CV + T>j R )i>, (115) 

which, given equation (|113l) is symmetric under chiral symmetry. The change in the Yukawa action 
under chiral symmetry is 

ie^ T (T^) T C^V ( l l] S\l - pW)i/> + 2^ T C^V ( ^S\l - V^) + 

iei^c^v^s^i - p&^rgV + v T (r^) T c^(i - v^)S{v { ^) - 

ie(2^ T CW(l - P^)SP^il> - ^ T C^(1 - V^SV^T^i,) = (116) 

since P^r T l!r = v(n) and (1 ~ ^rFl^r = "C 1 ~ v lm)- Therefore this term in the action 
also remains symmetric under chiral symmetry. Thus this action correctly transforms under chiral 
symmetry. 

The massive overlap operator can be written as D[m] = (1 — 2 ™ D [0] ) + The massive 

Majorana fermion action is given by Sf[m] = v/l — (m/2mw) 2 Sf[0] + Sm, where the form of Sm 
can be derived from the continuum mass using the blockings, 

=V T c (J J) r^'-V- (H7) 
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The partition function for the fermion fields can be written as 

Z= f d^idlp 2 e~^ (ClRl ~^O[0]^l-(m/2m w 2+i(m/rn w )C 7R 1 -' J )V>i 



e -^(C lR 1 - v j 5 Dloyi-{ra/2m w ^-i(m/ mw )Cf R 1 - v )^2^ ( n g) 

using a standard result for Grassman variables a and an anti-symmetric matrix M, 

dae~ aTMa = Pf(M), (119) 
where Pf(M) is the Pfaffian of the matrix, by noting equation (|97|) . we have 

=P/(7 5j D[0]7 5 £>[0](1 - (m/2m w ) 2 ) + (m/m w ) 2 ) 
=P/( 75 Z?[0](1 - m/(2mw)) + 7 5 (™/m w )) 2 

= det[L>[m]]. (120) 

Thus this Majorana fermion representation is both Pfaffian and, upon integration over the fermion 
variables, gives the correct partition function. 



9. Propagators in the presence of a Higgs field 

In the Glashow-Weinberg-Salam theory of the weak interaction, the Higgs boson, So, interacts 
with left and right handed fermion fields by a Yukawa coupling 

AC = ~ [Jj (1 - 7s)S (l - 75 )Vo + ? (1 + 75)^(1 + 75)^0] , (121) 

where A is a coupling constant and tpo and ?Po are the continuum fermion fields. The lattice fermion 
fields are constructed from 

i>o=BiP, %=$B. (122) 

The lattice action is therefore 

A£ = - 7^)5(1 - 7 ^)V + ?(1 + 7^)^(1 + 7^), (123) 

where the lattice Higgs field is 

5=(B (?? V 1 S* ( J B^)- 1 , S d =(B {v) )- l Sl{B^)- 1 . (124) 

The change of the measure for the transformation of the Higgs field can be used to cancel the 
Jacobian for the fermion fields, or, as in the original proposal for the renormalisation group 
construction of the lattice theory, absorbed into the blocking of the gauge fields. The two Higgs 
fields arc no longer Hermitian conjugates unless the blockings are symmetric (77 = 0), but must 
be treated as independent variables. Under CP, 

CV-.SHl^l^^f (125) 
CP : S d =(7^ 1 "" ) 75^757^ 1 ^ ) ) T - (126) 
These relations can be proved following the methods already considered for the fermion fields. 
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Replacing the Higgs field S with its vacuum expectation value v generates a mass for the 
fermion fields, and models using spontaneous symmetry breaking of a scalar field are the only 
known ways to generate the quark mass in the standard electroweak theory. To implement this 
interaction on the lattice requires well defined chiral projectors, which requires Ginsparg- Wilson 
fermions, and simulations using the standard projectors have been carried out 21, 39|, 4^, 41 1. 



However, it is clear that if the right and left handed vectors are not related to each other by 
CP symmetry, then, if the Higgs has a non-zero expectation value, there will be a change in the 



action under CP symmetry and therefore a change in the quark propagators. In 24j this change 
was calculated and found to be non-local, suggesting that it may continue to the continuum 
limit (although the authors of that expected that the difference would nonetheless vanish in the 
continuum, given that the Lagrangian itself has the correct continuum limit). It is therefore 
necessary to consider the implications of CP violation on the propagators in the presence of the 
Higgs field. 

Consider the action, 

(127) 

where 







-7^(1 + 


7&>) 
















7^) 











(128) 

and S is a scalar field. We can use a Schur decomposition to transform to a new basis 
( i? + ) ( l _ v (v)_( D {Tl)yl \ 

^ J V o i jUJ 

1 -(D™)- 1 "-! 



(x'- xv)=(r x+)(J - 



x'_ \ _ ( 1 o \ / x _ 

x\)~\ -v^l(D^)- 1 1 )\X+ 



(129) 



In these new coordinates, the action is 



S ( ^" ^+ ) ( " dJ> - ^l(D^)- 1 ^ 




(130) 
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Following equation (|42l) . we can write the generating function Zp[w, U, r], \, Xi 0] as 

Z P [ U ,U,r,, X ,X,<t>] =e^^Uet(I^ ) (l-0o0j)) (V- \{1 + 7 j? ) ),0o) Uo^O- ~ A X- 

e *.C_C"V_ det ((£>^ - v^DI^lXl - O O )) 

Idet(^(l-0o4)) (x-lil+Ah) (4> \{l-l^),X- 
det((£>^ - v^_DZ X v^ + ){l ~ 0o0 o )) 

{ix + -x- (D^y'v^^-Ah 



_ e ie[u,U,ri] , 



^l(l+^ ) ),X + -v { l'l(D^)' 1 X- 

JC- G M _ X - +X + G<_"! x - +X- G ( 4 X+ +X+ G™ x+ ; ( 131 ) 



where 



1 


1 


- |0O> (< 




i 






i 






i 






1 











(1 + 


7i" } )(l 


-100) 


(0o 1 


(1- 


7i" } )(l 


-100) 


(0o 1 


(1 + 


7i" } )(l 


-100) 


(0o 1 


(1- 


100 ) (^0 


l)(l + 


(v) 
Tl 


(1- 


100 ) (00 


l)(l- 


(v) 
Tl 



G™[U,S,S*\ =\{l-i^ ] ) 
G^ + [U,S,S d ] =i(l + 7 ^) 

G^[L/,S,S d ] =1(1 - 7^) fn , ^; fTlK --^ (1 - I0o) (0o|)(l -7^) (132) 
Under CP, 

CP : G"[f/,5,5 d ] ^ 75 ^ 1 -'' G (-^[L/, 7 ^ 1 ^ ) 75 5 757 ^ 1 - I ^ 7 ^ 1 ^H 5 5S7lr 1 ^^ fi 1_ ^5 

=G"[[/,S,S <i ]. (133) 

Therefore the propagators are invariant under CP even in the presence of a non-vanishing Higgs 
field. 

10. Conclusions 

I have shown that the problems concerning CP invariance in Ginsparg- Wilson chiral gauge 
theories are a result of naively applying the continuum CP symmetry to the lattice. However, by 
considering the Ginsparg Wilson method, I have shown that this is incorrect, and a more natural 
definition of lattice CP flows from the same methodology from which lattice chiral symmetry was 
derived. Using this lattice CP, which generalises and strengthens the approach in [2^|, I have 
constructed the chiral symmetry currents, ward identities, and lattice chiral gauge actions and 
Majoranna fermions, and shown that a subset of the chiral operators considered here are local. I 
have also demonstrated that the inclusion of the Higgs in the lattice electroweak does not lead to 
any non localities if the correct chiral symmetry and CP symmetries are applied. 
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One troubling aspect, however, remains, namely the issue that the lattice charge conjugation 
matrix is non-local, and it is therefore not clear that this has a smooth limit to its continuum 
limit. This is certainly better than having non-local shifts in propagators and thus having observ- 
ables without a clear continuum limit. If lattice QCD is to be understood in terms of a blocked 
continuum theory, this non-locality seems to be inevitable. If we abandon this understanding of 
lattice QCD, we abandon the theoretical basis of lattice chiral symmetry. My own belief is that 
the problem relates to the absence of doublers in the continuum, and can be understood, if not 
necessarily resolved, by blocking to the lattice theory from a continuum theory with an additional 
doubler field. I will investigate this in a subsequent work [42| ■ 
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A. CP in the continuum 

In the continuum, charge conjugation is defined as 

U(x,h)^U(x,(jl)*, (134) 

where 'T' denotes the transpose and '*' the complex conjugate, and the charge conjugation matrix 
C satisfies 

C t C=l, C T =-C, C<y lt C- 1 = -<Y£, C 75 C- 1 =7 5 T . (135) 

The Dirac operator Do transforms as 

D [U](x, y) -> C^Dop^x, y) T C, (136) 
The Parity operation is defined as 

where 

X = (—Xl, —X2, —X3,X4), (138) 

and infinitesimal a. In this case, 

D [U](x,y) -> 7 4^o[C/ P ](a;,y)74. (139) 
The CP transformation in the continuum can be defined as 

M*) -> - w-^o (x), W T =W, Mx) ->?o (W 

U(x,n) -^U CP (x,fi), (140) 



where 



W*W =1 WfpW- 1 = { I^t £ = 4 2 ' 3 W^W- 1 = - 7 J. (141) 
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(142) 



Under this transformation, 

W{CP : D [U][x,y))W- 1 -> D Q [U CP ](x, yf . 

The continuum massless action transforms under CP according to 

^ (a;)Do[^](^y)^o(y)^-^o(^) T W- 1 (i?o[^ CP ](x I y)) T W- 1 ^ (y) T 

=%(y)D [U](y,x)Tjj (x), (143) 

where there is a minus sign from fermion anti-commutation, and thus this action is invariant under 
CP. Similarly, for the chiral decomposition of the action 

Mx)D Q [U](x,y)My) = \Mx)(l+ l5 )D [U](x,y)(l- l5 )My) + 



1- 



^ (z)(i-75)Affl*,y)(i + 75M)(y), 



(144) 



both of the Weyl fermion actions are invariant under CP. 



B. Properties of the matrices 

The equivalents of 75 in this formulation are 7^ and 7^, defined by equation fj 14|) . In the 
formulation given below, I have deflated the zero mode doublers to ensure that these expressions 
are well-defined. 



07) 
Tr 



(v) 



75 cos 



(1 + 77)(tt - 2(9) 



sign (7 5 (£' t - D))sa 



sign (sin((j7 + e)n/2)) \4> 2 ) {<h\ 75 
"1 



75 cos 



ifo- !)(*■- 20) 



+ sign ( 75 (£>!_£>)) 



sin 



jfa- 1)^-20) 



(1-102) (02|) 



(1-102) (0 2 |) 



tan6> =2 



-sign (sin((r7 + e)7r/2)) |0 2 ) (0 2 | 75 
a/1 -DW/4 



(145) 



where e is some infinitesimal real number. At odd integer 77, the dependence on the zero mode 
doublers cancels out, and these operators are local. For non integer rj, the operators will in 
general be non-local. For even integer r) + e, they will also be non-local. The ambiguity in 
sign (sin((?7 + e)n/2)) for these values of rj should first be resolved by consistently replacing this 
term in the definition by either the identity operator or minus the identity operator. 
7i and jr have the following properties: 



(->;) 
757^ 75- 



Lemma B.l. 7^' 
Proof This follows by inspection. 
Lemma B.2. 7^ = 75(1 - D). 
Proof 



7^ =75 cos(tt - 26») + sign ( 75 (£>t - D)) sin(7r - 29) 



=75 1 



-7Spt_x)) 



=75(1 -D), (146) 
where I have used the familiar result D + = D^D. The result follows immediately. | 
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Lemma B.3. 7^ ^ =75. 

Proof The result follows by Inspection. | 

Lemma B.4. For odd integer rj, Jr^^/r 2 '' — 757r _ ' ?1_1 - 
Proof For the zero modes and non-zero modes, 

Ir^Ir^ =cos(l + 77i)(7r/2 - 9) cos(l + m ){n/2 - 9) + 

sin(l + r?i)(7r/2 - 6») sin(l + 772X^/2 - 0)+ 
7 5 sign (75 (-D 1 - £>)) 

(cos(l + iji)(tt/2 - 0) sin(l + 772X^/2 - 0)- 
sin(l + jji)(tt/2 - 6») cos(l + - 0) 

= cos(( m - fft)(7r/2 - 0)) + 75 sign ( 75 (C t - £>)) sin((r; 2 - J7l )( 7 r/2 - 0)) 
=757S S -' 71 - 1 - (147) 
For the zero mode doublers, 

1 ( r ] 1r 2) \<h) = sign (cos((77i - - cos(( m + m )ir/2)) \<j> 2 ) (148) 

while 

I5l r r m ^ = sign (cos((»h - %K/2)) (149) 

For odd integer 77 (and all other 77 where cos((?7i — 772)71-/2) > cos((77i +772)^/2)) combining equations 
(1T4"7|) and (fl"49t gives the result | 

Lemma B.5. j [ L m) j { L m) = l^f' m+1 ■ 

Proof Combining lemmas IB. II and IB. 41 gives the result immediately. | 

Lemma B.6. ( 7 [ I ' ) ) 2 = ( 7 ^ } ) 2 = 1 

Proof This follows from lemmas [B.3I IB. 41 and IB.51 | 

t td t (Vi) fe) (2i?i— 172) (>Jl) J (>7l) (7)2) (2ni — r] 2 ) (r/i) 

Lemma B.7. 7^ '^ R = 1 R T R and 7^ '"f L = T L T L ■ 

Proof This follows immediately from lemmas [B.4I and l B.51 | 

Lemma B.8. The Ginsparg- Wilson equation, 7^ D + D^ R = 0, is satisfied 



Proof For the non-zero modes, using IBTTI and [33721 we have 

j^D + = 75 - 7iT ) 7i 1) + ~ 7^) ■ (150) 

Using 

l^l^^l^T^^ (151) 

it immediately follows that 

j^D + I>$ = ^ - 7# J + ^ - lt 2) = 0. (152) 

The zero modes (f>o, are eigenvectors of both D and 75, with D (j>o = 0. Therefore the Ginsparg- 
Wilson equation is satisfied for these operators. 

The zero mode doublers are eigenvectors of both D and 75, with ^l4>2 = —1r4>2- Therefore 
the Ginsparg Wilson equation is also satisfied in this case. | 
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Lemma B.9. 757^ D = £'757^ - 
Proof Using lemmas IB.41 IB.5I and [B 



£>757F- (153) 



Lemma B.10. W^^Jr^K = 1^ ■ 



Proof Using lemma IB~4l 

^l { n 2 ' v) l { n 1] = lf- (154) 



C. Eigenvalues of the overlap operator, 71, and 

The overlap operator is 

^ 2 = l+75sign(K), (155) 
and the squared Hermitian overlap operator, 

Drf = 2 + 75 sign (K) + sign (K) l5 , (156) 

commutes with 75. This means that the non-zero eigenvalues of DD^ are degenerate, and -DJ-D2 
can be written in a chiral basis 

Drf = ) f (157) 



where 



75 = ( J ° , ) (158) 



The degenerate eigenvectors of DD* are \g + ) and |<7_), where 75|<7±) = ±\g±). Thus 

(g + \DD^\g+) =A 2 = 2 + 2(. 9+ |sign ( 7 5^)|.9+> 

(fl_|DDt| 5 _) =A 2 = 2 - 2(.g_|sign ( 75 £> w ) (159) 

Since the matrix sign function is Hermitian and given that [sign (K)} 2 = 1,1 can write (excluding 
some, as yet undefined, contribution from the zero modes and their partners and a potential phase 
in the off diagonal terms which can be absorbed into the eigenvectors): 

A! _ 1 a /l - 
ign ( l5 D w ) = I 2 , V a2 4 ) • (160) 



The lattice Dirac operator can be written in this basis constructed from the lattice eigenvectors 



as 



n •> ') / cos sin \ 
D = 2 cos , (161) 

1 — sin cos t> ' 
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where is defined in equation (|14l) . and the continuum Dirac operator, though in a different basis, 
constructed from the continuum Dirac operator eigenvectors, as 



D = A 



cos(7r/2) sin(7r/2) 
— sin(7r/2) cos(7r/2) 



7^ is defined as 



(n) 
Tr 



D -{l+v)/2 ZD (l+n)/2^ D -(l + v)/2^ D{1+r)) /2 



(162) 



(163) 



where Z projects the basis for the continuum Dirac operator onto the basis for the lattice operator. 
It immediately follows that (if we exclude for the moment the zero modes and their partners), 



(')) 
Tr 



cos((l + ry)(0-7r/2)/2) - sm((0 - tt/2)(1 + ry)/2) \f 1 

sin((0-7r/2)(l+?7)/2) cos((0 - tt/2)(1 + rj)/2) ) \ -1 

cos((l +n){9 - tt/2)/2) sin((0 - tt/2)(1 + ry)/2) 

- sin((0 - tt/2)(1 + 7?)/2) cos((0 - tt/2)(1 + r?)/2) 

cos((l + r?)(0 - tt/2)) sin((6> - tt/2)(1 + rj)) 
sm((6 - tt/2)(1 + rj)) - cos((0 - tt/2)(1 + ry)) 



= 7s co S ((l +,)(,- ,/J)) + i 75 (D - D < )7m jL_ m 



sin((0-7r/2)(l + ??)), (164) 



which reduces to the definition in equation dTTI) . The explicit form of 7^ ?) ' ) can be constructed in a 
similar way. It can easily be confirmed that this equation also applies to the zero modes and their 
doublers for odd integer rj by explicitly calculating jr\4>o) and 7_r|</>2)- 

The eigenvectors of the Hermitian Dirac operator H = 75 + sign (K) are then (up to some 
phase) 



WH-) 



H\H+) =X\H + ) 
H\HJ) 

\H + ) 
\H_) 



■cos(0/2) 
- sin(6>/2) 



-sin(0/2) 
cos(6>/2) 



\9+) 

\g-) 



(165) 



The eigenvectors of 7^ are 



-cos((Tj + l)(7r/2-e)/2) sin((r/ + l)(7r/2-6»)/2) 
( '/>\ ! I sin((?7+l)(7r/2-0)/2) cos((»7 + 1)(tt/2 - 6)/2) 



\9+) 

\g-) 



(166) 



Therefore, 




cos(a^- > ) siii(q 
-sin(a^) cos(a^) 



(aW) 



l#4 
Iff- 



where 



^ = (0 + (?7 + l)(vr/2-0))/2. 

Under CP, the non-zero eigenvalue equations transform as 

-W( l5 + sign {K)) T W~ l \H^ P ) =A \H^ P ) 
-W(rfs + sign (K)fW^ 1 \H CP ) = - A |^ P ) 



(167) 



(168) 



(169) 
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Taking the transpose gives 

{\H° P )) T W-\ 16 + sign (Kj) = XdH^fW- 1 
(| J ff^ p ))^- 1 ( 7 5 + sign (K)) =\(\H^ p )) T W-\ (170) 

and therefore 

(iH^fW- 1 =9+ (H_\ 

(\H? P )) T W- 1 =9_ (H+\ , (171) 

where 9± are pure phases. These can be found by constructing 75 operator in the basis of \H + ) 
and I-H-), which gives 



H + \ l5 \H + ) (H + \ 75 \H_) \ _ / -A/2 -v/l-A 2 /4 



ff_| 75 |ff+) {H_\ l5 \H_) ) V -V1-A74 A/2 



(172) 



By considering the behaviour of 75 under CP, it can be shown that 9 + 9* + = 9-0*_ = —8 + 9*L = 1, 
and therefore 

<\H° p )fW- l =-(H-\ 

(iHS^fW- 1 =(H+\. (173) 
The transformations of the zero modes and their partners can be found in the same way, 

(\<pc p )Fw-i=(<t> \ 

(\<f>c p )fW-i={<p 2 \. (174) 
However, the zero modes and their partners have the opposite chirality 

<0o CP |75 CP ko CP )=-(^|75|0o) (175) 
Finally, B^) and B arc defined as 

B M =D -^+v)/2 z ^ D (i+r,)/2 



B M =^ 1 -" )/2 Z J D - (1 -" )/2 . (176) 



Under CP, these transform as 



CP : B<"> = W(D- ^/yz^D^/ifW- 1 =W(B { ~ r ' ) ) T W- 1 

CV : B {v) = W(D^/ 2 ) T Z T (D- {1 - V)/2 ) T W- 1 =W{B^) T W~ 1 (177) 

I also obtain, 

7 W = ( j bW)-i 75jB W 

CP : 7^ - - ^- 1 (S ( "" ) 7 5 (S ( " , 'V 1 ) T ^ 

= -W- 1 ( 7 <- , ' ) ) T W; (178) 



and similarly, 



CP: 7^ = -W-\ 1 ( R v) ) T W (179) 
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